A WZW model for the non-semi-simple D-dimensional Heisenberg group, which directly generalizes the E c 2 group, is constructed. It is found to correspond to an D-dimensional string background of planewave type with physical Lorentz signature D-2. Perturbative and non-perturbative considerations lead both to an integer central charge c=D.
where g −1 dg are the right invariant 1-forms on G and B is a three manifold bounded by Σ. The right invariant 1-forms are elements of the Lie algebra of G, so that they may be expressed as
where T I (I = 1, . . . , dimG) are the generators of the group satisfying
The WZW action (1) can then be written in terms of the A I 's as
where Ω IJ = T r(T I T J ) is the Killing metric for the group G. However, when the group is non-semi-simple, the Killing metric is degenerate and one might replace it, as was proposed in [1] , by a symmetric, invariant and non-degenerate form Ω IJ that satisfies
Such a form can be found, apart from the above mentioned cases, also for the Heisenberg group H D .
Before proceeding to the general case, let us first examine the case H 4 , which originates from the dynamics of a single one-dimensional harmonic oscillator. H 4 is generated by {α, α † , N = α † α, I} and the commutation relations
It is non-semi-simple so that its Killing form is degenerate. A non-degenerate solution to eq.(5) exists and is given by
A general element of H 4 is written as
where the first term on the right hand side of eq. (8) 
we find that
so that the A I 's in eq.(2) are given by
The terms that are being integrated over in (4) are calculated to be
and the WZW action (4) is written as
By regarding this action as a σ-model action of the form
we can read off the background space-time metric and the antisymmetric field.
In the coordinate base [dq, dq, du, dv] they are given, up to multiplicative factors, by
where
, and thus, the background space-time line element is given by
It describes a plane-wave space-time [7, 8] and it can be identified to the one found by Nappi and Witten in [1] by virtue of the transformation q = a 1 − ia 2 andq = a 1 + ia 2 . By introducing polar coordinates q = Re iθ ,q = Re −iθ , the line element turns out to be
The signature of this metric is manifest in the orthonormal base
where the metric is η µν = (−1, +1, +1, +1). The only non-vanishing components of the Ricci tensor in the above base are
In the same base, the antisymmetric two form field B = 1 2
and
The non-vanishing components of H are then
Employing eqs. (19), (22) in the one-loop beta-function equations } and the commutation relations
The Killing form of H D is degenerate and a non-degenerate solution to eq. (5) which can replace the Killing form is given by
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An element of H D is expressed as
and proceeding as before, we find that
The WZW action is then written as
By comparing this action with eq. (14) we can read off the space-time metric, which is written, up to multiplicative factors, as 
where the notation γ = i q iqi has been used. The antisymmetric field then is found to be
The line element for this case is then written as
Introducing polar coordinates q i = R i e iθ i ,q i = R i e −iθ i we find that the metric is η µν = (−1, +1, . . . , +1) in the base
where i = 1, . . . , r. The non-vanishing components of the Ricci tensor in the base (34) are then
whereas the antisymmetric 3-form field is given by
It is straightforward then to verify that the vanishing of the one-loop beta functions in eqs.(23) gives c = D. One can understand this result perturbatively by considering the loop diagrams that contribute to the beta function. Since the propagator of the u field vanishes due to G uu = G D−1 D−1 = 0, the only diagrams that can be drawn are one-loop diagrams with two external u lines and q i ,q i in the internal lines. However, the interaction terms in (29) give opposite contributions to these diagrams, in exactly the same way discussed by Nappi and Witten [1, 9] leading to c = D identically in perturbation theory.
The same result can be obtained non-perturbatively as follows [4, 5, 10] : The Noether currents associated with the WZW model (4) have the following OPE
Let us define the bilinear in the currents energy-momentum tensor
The condition for the J I 's to be primary fields of weight 1, is written as
and by using eq.(38) we get [4, 5] 
Thus L IJ is an invariant symmetric tensor as follows from eq.(40) and employing the latter in eq.(41) we get
Then it follows that L IJ is the inverse of the matrix (2Ω KJ + κ KJ ) and in our case one finds that
The central charge is given by
in accordance with the results in [4] since one may look upon the Heisenberg algebra H D as the double U(1) extention of the algebra
The above construction is a direct generalization of Nappi and Witten's result [1] , which is recovered in the case D = 4. The space-time described by the metric (33) is homogeneous, it has 2(D − 1) space-like Killing vectors and a null one, a total of 2D − 1. It describes a plane-wave type space-time with flat wave surfaces (u, v = const.) since the coset space H D /U(1)×U(1) is isomorphic to Cl r . It has one time-like direction (Lorentz signature D − 2) and thus it can be considered as a D-dimensional string background which can replace Minkowski space-time.
We would like to thank P. de Boer for his help in the computer programm and N. Obers for discussions.
